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SOLUTION  OF  THE  THERMOELASTICITY  PROBLEMS 
FOR  A WEDGE  BY,  MEANS  OF  THE  INTEGRAL  MELLIN 
TRANSFORM 

V.  M.  Khorol'skiy 


Let  us  assume  that  the  temperature  field  in  the  wedge  is  known 
and  has  the  form 

r-r(»,  r,  t);  0 < r < oo;  — ♦<?<<!«, 

where  2\p  - angle  of  opening  of  the  wedge; 

(r,  4> ) - polar  coordinates  of  the  point. 

The  thermal  stresses  and  shifts  we  seek  in  the  form  of  the  sum 

[3] 

+«,;  9,-8, ii-m+n;  t>=t>+w. 


Stresses  and  shifts,  marked  by  one  line,  are  determined  by  the 
thermoelastic  potential  of  shifts  0,  which  is  determined  from  the 
equation 


48- AT; 


A 


c»»  I d 1 

Or » '*  r 71”  ' 


(1) 


Here  y,  , and  G - Poisson  coefficient,  coefficient  of  linear  ex- 
pansion, and  shear  modulus;  for  the  case  of  the  plane  stressed  and 
deformed  state  the  coefficient  6 is  equal  to  (l+y)uf  and  {*%,  , 
respectively;  u and  v are  shifts  along  the  axes  r and  4. 

It  is  known  that  the  temperature  field,  which  satisfies  the 
heat-conductivity  equation  oAT—  , is  analytical  with  respect  to 

the  coordinates  [4];  consequently , this  field  can  always  be  presented 
in  the  form 


1 


r“2t  j *<*  x-  *)r'kAs  X,  0 - r,  t)rx~l  dr, 

where  a - heat-conductivity  coefficient; 

X=k+i(o  - complex  variable; 

z - a certain  straight  line  which  is  parallel  to  an  imaginary 
axis;  k1<k<k2;  the  numbers  k^  and  k2  are  selected  on  the  basis  of 
the  behavior  of  the  temperature  field  at  0,  ~ . 

The  thermoelastic  potential  of  shifts  we  seek  in  the  form 

Proceeding  from  relationship  (1)  we  obtain  a differential 
equation  for  determining  the  unknown  function  f($,  X,  t). 

Stresses  and  shifts  from  the  thermoelastic  potential  of  shifts 
are  written  as  [3] 

2 OUT  — -51  j*ft  X,  ty-'dx, 

8 

1,+hn— 20  {*;-*;*  (3) 

• + ^r,—  <5/  lAf.  x,  t)  (2 — X) — Iff"  (<p,  X,  t)]  (1-X)r-‘<*X; 

(ii) 

3-J  [A*.  X,  t)  (2-X)X+//(f,  X.  Ojr-k^X.  ( 5 ) 

i * 

If  the  sides  of  the  wedge  are  free  of  loads,  the  boundary  con- 
ditions for  stresses  marked  by  double  lines  are  written  as 

6+ S-/I /(«.»-  0 (*— X) — < //(♦/.  X.  I)]  (1-X)r-*A,  ( 6 ) 

where 

fi  ■ — 

If  the  sides  of  the  wedge  are  rigidly  secured,  the  boundary  condi- 
tions for  shifts,  after  differentiating  for  r,  have  the  form 

- 20(a, - -K  ♦ V-v  (7) 

The  boundary  conditions  are  written  with  the  same  simplicity  if  one 
side  of  the  wedge  is  free  and  the  other  is  secured. 
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It  is  characteristic  that  the  indicated  thermoelastic  problems 
are  reduced  to  the  basic  problems  of  the  elasticity  theory  with 
boundary  conditions  which  are  presented  in  the  form  of  the  Mellin's 
integrals.  Let's  examine  individually  the  basic  problems  of  the 
elasticity  theory  for  a wedge  and  present  their  general  solution. 

Let's  assume  that  surface  stresses,  assigned  in  the  form  of 
Mellin's  integrals,  are  distributed  on  the  sides  of  a wedge 

Stresses  and  shifts  we  will  seek  in  the  form  of  complex  Kolosov- 
Muskhelishvili  potentials  [2] 

1 * 

— 20(a',— [-  *«5(F)+.<*>(z)l  +***[*<D/(a)+tH*)]. 

The  unknown  analytical  functions  in  the  wedge  we  seek  in  the  form 

“*<*>  * ‘‘A:  *<*>  - 

Taking  the  boundary  conditions  into  account,  we  obtain  a system  of 
equations  for  determining  the  unknown  functions  of  the  complex  vari- 
able a(X),  b(X),  the  solution  of  which  has  the  form 

*|(X)  - <l-X)sin2*-D7(X)sin2(l-X)f  J ; 

H')  “ D»(X)— «(X)  (1— X)cos2f— o(X)cos2(1— X)f, 

where 

V.(X)  - (1— X)sia  2<i±sin2(|— X)  f;7>,(X)  - D,(X); 

o,w--TJr  wo.*-"*-. #(.-*-■” |i  ' 

DA*)  " 4"  |ui(X)«  * >>+ui(X)*  1,1  in  \ . 

In  particular,  for  a symmetrical  normal  load 

/«. w * -7-!  UK,  v,  ,m>/  »o 

we  have 

a(X,“  Wsiu(,~X*;  

For  the  second  basic  problem  of  the  elasticity  theory,  when  the 
shifts  on  the  sides  of  the  wedge  have  the  form 
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r 


we  obtain 


«(*)■  0— *)  sin2f+xD,(X)sin  2(1— X)t] ; 

W)  - DrfA)+wi<X)co»2U-X)*-«<X)  (1— X)cos2^; 

Ai»t(*)“  (1 — X)*in  2*±xsin  2(1— Xft. 

The  obtained  solutions  of  the  basic  problems  of  the  elasticity 
theory  for  a wedge  represent  an  independent  interest  due  to  their 
generality  and  compactness.  From  general  solutions  it  is  easy  to 
obtain  calculation  formulas  for  the  various  particular  cases,  which 
is  convenient  in  the  problems  of  thermoelasticity.  The  solutions, 
available  in  the  literature,  of  the  basic  problems  of  elasticity 
for  a wedge  are  based  on  the  Papkovich-Neyber  concepts  and  have  a 
more  complex  form  [6]. 

Let  us  examine  an  important  particular  case  where  the  tempera- 
ture field  in  the  wedge  has  the  form 

T =^j*<X.  1)  r-‘dX;  £(a9)  “Acha<f  -f  Bshacp 
Assuming  that  in  the  equation  [2]  we  have 

/(*P.  X,  0 -Uu^rtX.  0;  A(f,  A,  t)  -;(aV)ga,  t), 

we  obtain 

* - WO 

Stresses  from  the  thermoelastic  potential  of  shifts  and  the  bound- 
ary conditions  will  be  written  by  the  formulas  (3)— (7),  if  we  as- 
sume that 


Assuming  that  in  the  preceding  formulas  g(a*)vi  we  obtain  a case 
of  an  axisymmetric  temperature  field 

T(r.  t)  - 

Let  us  wtite  the  formulas  for  temperature  streses.  The  boundary 
conditions  for  complex  potentials  for  the  free  sides  are  written  as 

™"5fJ  2—1  ^ 

4 


r,i 


Adding  the  stresses  and  shifts  with  one  and  two  lines,  we  have 

(“****»<*-l»+ 

,+  sinXtfcos(X — 2)^.] — ljg(k,  t)r-*dk; 

- tiI  i2ziiSrfslnl*sin<2-1>»- 

— sinXi|>sin(2 — X)<p]tf(X,  t)r~xdk ; 

-XsinX»fcos(X— 2)<j>]— l]f(X,  t)r-xdk; 


K 


l-X 


-(X*inX<J>«in(2— X)q> — 


2 w«  (2-XM,(X) 

— <l+x— X)sinX^»in(2— t)r-'d\. 

In  the  case  of  a rigid  fixing  of  the  sides  the  boundary  conditions 
are  written  as 

-2G«Vf.±+-  ®V,-±V-0. 

The  calculation  formulas  have  the-form 

af  +«v-  ?!  [72  - 5i"(2— x)»cosX«y--ll#(Xt  t)r~'dki 

3*~ 3'-“j  jZx  X>sin(2 — X)4>  cosX<p-f 

+ U+x— X)sinX\icos(X— 2)<p]  +X]g(k,  t)r~‘dX; 

?»  (2-l)A^)  t^sin(2-X)»sinX«p+ 

-HI  +x— X)sinX«fsin(2— X)f  ]g(k,  t)  r -» dX ; 

{-^yf d— *— X)®o»^»in<a— X)  t -K 
+(l+x — X)sinAipsin(2 — X)q>] — l)g(kf  t ) r ~xdk; 

;+  sin(2— X)f  sinX*]£(X,))r-‘dX. 

Thus,  the  problem  of  determining  the  temperature  stresses  for 
an  axisymmetrical  temperature  field  is  reduced  to  the  calculation 
of  the  function 

UK 
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As  an  example,  let's  examine  the  case  where  a heat  source  with 
intensity  q acts  at  the  apex  of  the  wedge  for  the.  period  of  time  t. 
If  the  initial  temperature  is  equal  to  zero  and  the  sides  of  the 
wedge  are  heat  insulated,  the  temperature  field  has  the  form  [3] 


where  - heat-conductivity  coefficient; 

Ei(— i^)  - integral  power  function; 

f>*— r*'4a/  - value  which  is  inverse  to  the  Fourier  criterion. 

The  function  g(X,  t)  in  this  case  has  the  form  [1] 

«<*,  I)  - ^ I’(-j-)  ;r(X)  - gamma  function,  4*—^  . 

Taking  into  account  the  singular  points  of  the  gamma  function  and 
using  the  theory  of  deductions,  we  obtain  the  calculation  formulas 
for  thermal  stresses  in  series.  Thus,  for  example,  for  the  case  of 
free  sides  the  stresses  and  shifts  will  be  written  as 


Sln2(2(l+  l)<|»  . A qGl  . D qi 

2^1  'Amc  *H,  ,a“  4U,  • 

(-  l)y  M 2*ln(2w+  2H*o*2/»|>)  . 

rial  nM  (A4  1)7*  I ’ 

'V*'1  I 1 eo?(2/i+2)ysln2/ilr— sln(2/t  (-2)icos2?iy 


7.=-$in2'V+ 


sin(2n-)-2)ifsin2nip— sin(2n-f2)<psin2/it  J 


«-i('»+»)'7i 


2 l)!n 


1+2*  I 

— »/-  ^-^j(l-|-M+2<i)sin2»i^5in(2+2n)t+ 

»-i(*  + l)U»7«l 

+ 2iisin2ff^sin(2+2n)f }. 

We  note  that  the  series  which  correspond  to  the  roots  of  the  denom- 
inator Ai,t<X)»0,  represent  homogeneous  solutions  [5],  i.  e.,  do 
not  cause  stresses  on  the  sides  of  the  wedge  and,  therefore,  can  be 
omitted. 

The  formulas  for  the  stresses,  (8)— (10),  coincide  with  the 
solution  obtained  by  the  method  of  power  series  in  work  [7]. 
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